The aim of this paper is to establish some new fixed point theorems for the superposition operators in locally convex spaces which satisfy the Krein-Smulian property. We employ a family of measures of noncompactness in conjunction with the Schauder-Tychonoff fixed point theorem. As an application, the existence of solutions to a quite general nonlinear Volterra type integral equation is considered in locally integrable spaces.
Introduction
As an example of algebraic settings, the captivating Krasnosel'skii fixed point theorem leads to the consideration of fixed points for the sum of two operators. It asserts that, if M is a nonempty, bounded, closed, and convex subset of a Banach space X and A, B are two maps from M into X such that A(M) + B(M) ⊆ M, A is compact and B is a contraction, then A + B has at least one fixed point in M (see [] or [] , p.). Since then, there has been a vast literature dealing with the improvement of such a result. In the previous decade, several papers have given generalizations of this theorem involving the weak topology of Banach spaces by using the De Blasi measure of weak noncompactness (see [-] ). The novelty of their results is that the involved operators need not to be weakly continuous. Some weak and strong compactness are addressed instead of the weak continuity since the condition of weak continuity is usually not easy to verify.
On the other hand, the Krasnosel'skii fixed point theorem has been generalized to locally convex spaces or Fréchet spaces by some authors (see [-] ), and a family of measures of noncompactness has been introduced to the concrete spaces by Olszowy [, ] . All of these results naturally cause us to consider the Krasnosel'skii type fixed point theorems in locally convex spaces by means of a family of measures of weak noncompactness. This problem will be followed with interest in some special situations in the present paper.
As a more general consideration, there is another setting which leads to the investigation of the fixed points for so-called nonautonomous type superposition operators, that is, to study the existence of solutions to the following operator equation:
for given A : X → Y and F : X × Y → X, where X is a locally convex space and Y a topological vector space. In [, ] , one of the authors of this paper has established some fixed point results for (.) in the framework of Banach spaces. In this paper, by means of a family of measures of weak noncompactness we will establish some new fixed point theorems for (.) in the framework of locally convex spaces. Our results extend several Krasnosel'skii type fixed point theorems from the previous literature.
As an application we will also study the solvability for the following quite general nonlinear Volterra integral equation:
, the space consisting of all locally integrable functions on R + := [, ∞). This paper is organized as follows. In Section , we present the relevant definitions and results needed in our work. In Section , we establish some new fixed point theorems for (.) in the framework of locally convex spaces. In Section , we prove the existence of locally integrable solutions for (.) by virtue of our fixed point theorems and a family of measures of weak noncompactness.
Definitions and preliminaries
Throughout this paper, X will denote a Hausdorff locally convex topological vector space, and {| · | ρ } ρ∈ a family of seminorms which generates the topology of X.
Recall that the weak topology on X is the weakest topology (the topology with the fewest open sets) such that all elements of X (the topological dual of X) remain continuous. Explicitly, the neighborhood system of the origin for the weak topology is the collection of sets of the form φ - (U) where φ ∈ X and U is a neighborhood of the origin. In our considerations, a family of measures of weakly noncompactness in locally convex spaces will play an important role. A single measure of weak noncompactness in Banach spaces may refer to the definition of Banaś and Rivero [] . Next, we will use B(X) denoting the collection of all nonempty bounded subsets of X, and W(X) a subset of B(X) consisting of all weakly compact subsets of X. For ρ ∈ and r > , the set {x : |x -x  | ρ < r} is denoted by V ρ (x  , r). The closure of this set is denoted by B ρ (x  , r). We shall also sometimes use V (ρ) to stand for V ρ (, ).
Definition . Let X satisfy the Krein-Smulian property. A family of functions ω ρ : B(X) → R + (ρ ∈ ) is said to be a family of the measures of weak noncompactness of X if this family satisfies the following conditions:
() The family ker(ω ρ ) := {M ∈ B(X) : ω ρ (M) =  for all ρ ∈ } is nonempty and ker(ω ρ ) is contained in the subfamily consisting of all relatively weakly compact sets of X;
n= is a decreasing sequence of nonempty, bounded, and weakly closed subsets of X with
The family ker(ω ρ ) described in () is called the kernel of the measure of weak noncompactness ω ρ . Note that the intersection M ∞ from () belongs to ker(ω ρ ) since we have ω ρ (M ∞ ) ≤ ω ρ (M n ) for each ρ ∈ and all n ∈ N, and lim n→∞ ω ρ (M n ) = .
Following the notion of a single measure of weak noncompactness in Banach spaces which is introduced by De Blasi [], a family of measures of weak noncompactness in locally convex spaces for ρ ∈ may be defined by
Nevertheless, it is rather difficult to express this family of weak noncompactness with the help of a convenient formula in a concrete locally convex space. Such a formula is known in the case of the space L  loc which is endowed with the family of seminorms |ϕ| I : 
, where meas(·) denotes the Lebesgue measure. It is easily verified that the family {ω I } I∈ satisfies Definition ..
Following the definitions given by [, ] in Banach spaces, we introduce the concepts of ws-compactness and ww-compactness in locally convex spaces as follows. Next, we collect a few auxiliary facts concerning the superposition operator required in the sequel.
Consider a function ψ(t, given t ∈ I. Let m(I) be the set of all measurable functions
). This mapping is called the superposition operator (or Nemytskii operator) associated to ψ. For a given measurable function ϕ :
ϕ(·)) which maps
I into R is said to be a nonautonomous type superposition operator. By generalizing the above concept, the solvability of (.) may be thought of as the existence of fixed points for the nonautonomous type superposition operator N F A, where
The following theorem was proved by Krasnosel'skii [] (see also [] ) in the case when I is a bounded interval and has been extended to an unbounded interval by Appell and Zabrejko [] . In this case, the operator N ψ is continuous and bounded in the sense that it maps bounded sets into bounded ones.
Fixed point theorems
Let U be the neighborhood system of the origin obtained from . Thus if U ∈ U , there is a finite number of seminorms ρ  , ρ  , . . . , ρ n in and real numbers r  , r  , . . . , r n such that
Theorem . Let M be a nonempty, closed, and convex subset of X, and let the KreinSmulian property be satisfied. Suppose that T : M → M is ws-compact such that T(M) is relatively weakly compact, then T has at least one fixed point. Proof Let N := co(T(M)). Since M is closed and convex satisfying T(M)
It is clear that N is weakly compact according to the relatively weak compactness of T(M) and the Krein-Smulian property. Moreover, T(N ) is relatively compact since T is ws-compact. Now applying the Schauder-Tychonoff fixed point theorem (see [] , Theorem .(b) or [], p.), we conclude that T has at least one fixed point x ∈ N ⊆ M such that Tx = x. 
and F is ww-compact;
Then there is a point x in M such that x = F(x, Ax).
Proof For a given y ∈ A(M) the mapping F(·, y) is a | · | ρ -contraction for each ρ ∈ , so by Cain-Nashed theorem ([], Theorem .) it has a unique fixed point in X. Let us denote by J : A(M) → X the mapping which assigns each y ∈ A(M) to the unique point in X such that Jy = F(Jy, y). Thus, J is well defined.
For arbitrarily given y, y  ∈ A(M) and ρ ∈ , from the inequality
we obtain
Let U = n i= r i V (ρ i ) be an arbitrarily given neighborhood of the origin in X. By the continuity of F, there exists a neighborhood W y  of y  ∈ Y such that, for all y ∈ W y  ∩ A(M),
which implies that
It follows that
and therefore J is continuous. For any z ∈ M, by assumption (iii) we infer that there is x = (JA)z ∈ M such that x = F(x, Az). This shows that JA(M) ⊆ M. Let M  := M and M n+ := co(JA(M n )). By induction, we infer that (M n ) n∈N is a decreasing sequence of nonempty, bounded, weakly closed, and convex subsets of X. Moreover, we obtain
Next, according to (.) for an arbitrarily given ρ ∈ we may take r >  and W ∈ W(X) such that M n ⊆ W + B ρ (, r). By assumption (ii), there exists a constant α ρ ∈ [, ) such that
for all x ∈ M n , w ∈ W , and y ∈ A(M). Accordingly, for all y ∈ A(M) we infer that 
and therefore lim n→∞ ω ρ (M n ) = . The arbitrariness of ρ ∈ shows that N := ∞ n= M n is a nonempty, closed, convex, and weakly compact subset of M by Definition .. It is easily seen that JA(N ) ⊆ N . Consequently, JA is ws-compact since A is ws-compact and J is continuous. Now by the use of Theorem . we conclude that JA has at least one fixed point x ∈ N ⊆ M such that (JA)x = x, which implies that
This completes the proof.
In the framework of locally convex spaces, the following result can be thought of as an extension of Latrach et al. [] , Theorem ., and also a variant of Cain and Nashed [], Theorem ., under the weak topology. This implies that we are to establish a new version of Krasnosel'skii's fixed point theorem in locally convex spaces.
Corollary . Let X be sequentially complete and the Krein-Smulian property be satisfied. Suppose that M be a nonempty, bounded, closed, and convex subset of X, and the operators A : M → X, B : X → X satisfy the following conditions: (i) A(M) is relatively weakly compact, and A is ws-compact;
(ii) B is a | · | ρ -contraction for each ρ ∈ , and B is ww-compact;
Then there is a point x in M such that Ax
Proof Let us take F(x, y) := Bx + y and Y = X. All assumptions of Theorem . are easily verified, and then the proof immediately is achieved.
Since assumption (iii) of Theorem . is hard to verify in real applications, we next establish a Schaefer type fixed point theorem for (.).
Theorem . Let X be sequentially complete and the Krein-Smulian property be satisfied. Let Y be a topological vector space. Suppose that the operators A : X → Y , and F : X × Y → X satisfy the following conditions:
(i) A maps bounded sets of X into relatively weakly compact ones of Y , and A is ws-compact; (ii) for each ρ ∈ there exists α ρ ∈ [, ) such that
and F is ww-compact. Then either (a) there is a point x in X such that x = F(x, Ax), or (b) the set {x ∈ X : x = λF(x/λ, Ax)} is unbounded for λ ∈ (, ).
Proof As in the proof of Theorem ., let us denote by J : A(X) → X the mapping which assigns each y ∈ A(X) to the unique point in X such that Jy = F(Jy, y). We know that J is well defined and continuous.
Let U be a convex, symmetric, and closed neighborhood of the origin in X, and let B n := nU for n ∈ N. We define the radial retraction onto B n as follows:
where μ is the Minkowski functional on B n , i.e., μ(x) = inf{α >  : x ∈ αB n }. Then r is a continuous retraction of X onto B n ; and if x ∈ B n then r(x) = x, otherwise r(x) ∈ ∂B n (the boundary of B n ). Then rJA has a fixed point x in B n by Theorem .. Either (JA)x ∈ B n , in which case
or (JA)x / ∈ B n , in which case x = (rJA)x ∈ B n such that
that is, (JA)x = x/λ, and the property of (JA)x yields
Thus either (a) for some n ∈ N we obtain a solution of (.), or (b) for each n ∈ N we obtain a solution of x = λF(x/λ, Ax) for some λ ∈ (, ); in the second case the set of such solutions is unbounded.
Corollary . Let X be sequentially complete and the Krein-Smulian property be satisfied. Suppose that the operators A, B : X → X satisfy the following conditions: (i) A maps bounded sets into relatively weakly compact ones, and A is ws-compact;
(ii) B is a | · | ρ -contraction for all ρ ∈ , and B is ww-compact. Then either (a) there is a point x in X such that x = Ax + Bx, or (b) the set {x ∈ X : x = λAx + λB(x/λ)} is unbounded for λ ∈ (, ).
Recalling that a mapping T : M → X is said to be demiclosed at  if for every net (x δ ) in M converges weakly to x and (Tx δ ) converges to , then we have Tx = .
Theorem . Let X be sequentially complete and the Krein-Smulian property be satisfied. Let Y be a topological vector space. Suppose that M is a nonempty, bounded, closed, and convex subset of X, and the operators
A : M → Y , F : X × Y → X
satisfy the following conditions: (i) A(M) is relatively weakly compact, and A is ws-compact;
(ii) for each ρ ∈ and all x  , x  ∈ X, y ∈ Y we have
Proof For each λ ∈ (, ), the operators A and λF satisfy the assumptions of Theorem ., then there is a point x λ ∈ M such that x λ = λF(x λ , Ax λ ). Now, choose a sequence (λ n ) n∈N in (, ) such that λ n →  and consider the corresponding sequence (x n ) n∈N of elements of M satisfying
Since M is bounded and λ n F(x n , Ax n ) = x n ∈ M, F(x n , Ax n ) is bounded. Thus, for each ρ ∈ we have
By condition (iii) the sequence (x n ) n∈N has a subsequence (x n k ) k∈N which converges weakly to some x ∈ M (M is weakly closed because of its closeness and convexity). The 
i) A(M) is relatively weakly compact, and A is ws-compact;
(ii) B is a | · | ρ -nonexpansion for all ρ ∈ , and B is ww-compact; 4 Application to the existence of locally integrable solutions for a general nonlinear integral equation In this section we mainly consider (.). Solutions to it will be sought in L  loc , the space consisting of all real functions defined and locally Lebesgue integrable on R + , equipped with the family of seminorms
It is well known that L  loc is a locally convex space and becomes a Fréchet space furnished with the distance 
We will discuss the solvability of (.) under the following hypotheses: Note that (.) may be written in the abstract form x = F(x, Ax), where F is the superposition operator associated to f (i.e., F = N f ):
F(x, y)(t) = f t, x(t), y(t) ;
and A := KN v appears as the composition of the superposition operator associated to v with the linear operator K defined by
Our aim is now to prove that the nonautonomous type superposition operator N F A has a fixed point in L  loc . Before starting to prove the solvability of (.), we make some remarks.
Remark . It should be noted that assumption (H  ) leads to the estimate () From assumption (H  ) it follows that, for a given T > , () We will prove that if there exists x ∈ L  loc such that x(t) = λf t, x(t)/λ, (Ax)(t) , then x is bounded for any λ ∈ (, ). In fact, we have
x(t) ≤ λ f (t, , ) + λ f t, x(t)/λ, (Ax)(t) -f (t, , )
≤ f (t, , ) + α(t) x(t) + β(t) (Ax)(t) ,
